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1. INTRODUCTION 
Let f E V(R), the Schwartz space on R-then the classical Dini lemma, 
in its simplest form, says that 
&fXX 
tf(t) dt = --n &if(O) + o(l) (X+ --co). 
The importance of this result for the theory of Fourier series is well known 
[6]. It also plays a role in the derivation of the Selberg trace formula 
[ 141 and the explication of weighted orbital integrals [S]. Actually, these 
applications suggest that one should really consider 
n any positive integer. This is the objective of the present note, the upshot 
being a systematic calculus for all such integrals (in the even more general 
context of a l-parameter family belonging to g(R)). While we shall only 
deal explicitly with the case of the real line, it would certainly be of interest 
to extend what is said here to the higher dimensional setting. This seems to 
be a problem of some complexity but we shall offer a conjecture at the end 
of the paper on how things might be expected to develop. 
2. THE ~-DIMENSIONAL DINI CALCULUS 
Working on the line, suppose given a l-parameter family f = {f,: r E R} 
of functions f, E ‘%7(R) with 
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Then, for each positive integer n, the contention is that there exists a 
polynomial 9Yn(f: X) such that VX < 0, 
&5X 
where 
Lz?qf : X) - !‘-“. /2(X, E) = Q(X) (X< 0). 
Here: 
(1) qx is a polynomial in E ~’ of degree <n - 1 with no constant 
term. 
(2) ~ECrn(l--CO,NX F4QJl). 
(3) 4 is rapidly decreasing in X, i.e., V positive integer n, 
lim (1 + IXl’)” I@(X)1 = 0. 
x--m 
In addition, 9P~(f : X) (the “Dini polynomial”) is recursively computable 
via the “Dini calculus.” More precisely, fix a @E W(R) with the property 
that 0(t) = l( 1 tI < 1). Introduce 
F= {F,:ER} 
F,(f) = (fr(t) -f,(O) @(t))lf 
G= {G,:~ER} 
G,(t) =fr(O) Q(f). 
Then 
F, GE C”(R; V(R)) 
and since 
it is clear that 
From this relation, we shall derive an exact formula for Si2Pn(f : X); cf. 
infra. However, the existence of 9Pn(f: X) can be established on general 
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grounds and will be dealt with first before making any explicit calculations. 
Obviously, 
n-1. 
i 
,&irx 
E 
Id >& 
~m~~=j 
e&iatx 
-t-J&t) dt 
It)>1 t” 
and we claim that, as a function of E > 0, these integrals can be extended to 
a C” function on all of R. To see this, let, for the moment, p be any 
element of W(R)-then, to extend 
s 
d&t) dt 
lrl > 1 t” 
3 
induction on n can be utilized. Because 
d 
z s 
m dt = 
(11>1 t” 
it sufftces to consider the n = 1 case alone. Going backwards, 
!$t=j At) - c((O) e-‘* 
It!>& t Id >& t 
dt+p(0)j>6$dt 
= 
s 
v(t) dt 
111 >& 
= 
i 
m v(t)dt-Z(c)+Z(--E), 
-m 
Z= j v E P(R). Hence the claim. That being, the map 
(X, r) H eJ-f,(?) 
is a C” function from ]-co, O[ x R to V(R) and, by the closed graph 
theorem, the map 
s 
r4-Q) dt 
PH - Ill>1 t” 
is a continuous function from V(R) to C”(R). Accordingly, 
8-1. 
s 
eJTtX 
Ifl > E 
,,frW dt 
extends to a C” function in (X, r, E) at E = 0 so, taking r = E, 
n-1. 
s 
,&Lx 
E ~ L(f) dt 
III>& t” 
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extends to a C” function in (X, E) at E = 0. Therefore, by Taylor’s theorem, 
for fixed X, 
s cirx ev E n-l. ItI >E -,,.f,(t) dt = Px(E) + RX(E), 
pX a polynomial of degree dn - 1 with 
Write 
P*(E) ,rT=qxW’)+c(f:X), 
& 
c(f : A’) the coefficient of cnP ’ in px: 
1 8-1 
s 
eJzeIx 
c(f:X)=--- .- - 
(n-l)! dc”-’ ,r,>, t” f,(Et)dt e=o’ 
itself, by a straightforward verification, the sum of a polynomial 9Yn(f : X) 
in X and a rapidly decreasing function in X. All this ensures the existence of 
the data. Turning now to the actual computation of 9Pn(f: X), let us 
begin by looking at 
s 
,Jzrx 
~ G,(t) dt 
111 > E t” 
or still 
or still 
J=“@(t) -&=x 
h(o).[~,,,>. t” dt+l 
,J--ltx 
-dt . 
Ill>& t” 1 
There is no loss of generality in assuming outright that E < 1. But then, 
thanks to the Riemann-Lebesgue lemma (if n > 2 or directly when )2 = l), it 
will be enough to discuss 
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We have 
s 
e&irx 
-dt=[ 
f?fltx- c;&)2 (J-l tX)‘/l! dt 
III>& t” 14 >E t” 
i 
t’-” dt 
14 z-8 
II J=--J=x - z;&ys e -J=X)‘ll! 
=- 
J-1 
-1 
0 
E”-1 
. eJ=(n-I)ede 
=oxwn&i. 3 
the last step by an (n - 1)-fold application of L’Hospital’s rule. It will be 
convenient to put 
p(x)=w~)“-‘-’ 
(n-l-l)! .Cn-l-l (1 <ZQn- l), 
so that 
s 
&irx n-1 
-dt=o,(l)+ c I’;(X) 
111 2-6 t” I=0 
At E = 0, there is a formal expansion 
The Dini polynomial for G is then obtained by picking off the constant 
term in the product 
that is, 
n- 1 aif 9Pn(G : X) = c +. c(X). 
i-0 ’ 
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Consequently, letting 
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ak+(f 
a:a:f=- 
a?at/ E=f=O' 
it readily follows that 
In fact, proceeding inductively on n, note that 
a:a;F=a:a:+lfjl+ i 
to get: 
n-2 i ai-i aj+ If/j+ 1 
= c c ’ (i-j)! j! 
n-1 aif 
i=lJ j=O 
. ry_jl -‘(X) + c -$’ ry(‘(x) 
j=O ’ 
=9Pn,,(F:X)+9Yn(G:X) 
= 529gf : X), 
as desired. In the special case when there is no E-dependence, the Dini 
polynomial for f reduces to 
3. A CONJECTURE 
In R’ (I > 1 ), let there be given a set n of nonzero vectors 1, ,..., 1, such 
that 
span{A,,..., A,,> =R’ 
,li~RIZJl+-Li=lj. 
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Generically, take for % any component of 
R’- u span(T) (dim(span(5?))=f- 1). 
Jfcn 
Agreeing to write v’< u” if v” - u’ E%?, call lim the associated order- 
theoretic limit. Let 
x={u~R’:Vi, I(v,lJ>s}. 
If now f = {f,: r E R } is a l-parameter family of functions fi E W(R’) with 
fe CV; W’)), 
then the conjecture is that VX<O, 
where 
Here: 
(1) 
(2) 
(3) 
99gf : X) - kiio 2(X, E) = 4(X) (X-c 0). 
qx is a polynomial in E ~ ’ of degree Q n - I with no constant term. 
22 E P( -v x [O, E(J). 
4 is rapidly decreasing in X, i.e., V positive integer n and V closed ,.. 
lim (1 + l1Xl12)” I&X)1 = 0. 
x---m XE -wo 
In addition, 9$&(f : X) is a polynomial whose coefficients are distributions 
of order 6 n-Z that we expect to be effectively computable and concen- 
trated at the origin. 
Naturally, we reserve the right to modify the conjecture, pending further 
study. The case when the & constitute a basis for R’ can be treated by 
iterating what was said in Section 2. Very different would be the situation 
in R2 when 
4 = (1, 01, 12= (0, 11, A,=(& 1) 
or in R3 when 
1, = (LO, Oh 22 = (0, LO), I3 = ((4% 1 ), l‘j= (1, -1, 1). 
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